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r^ ' Abstract. The Birkhoflf-Kakutani Theorem asserts that a topological group 

^ ^ is metrizable if and only if it has countable character. We develop and apply 

tools for the estimation of the character for a wide class of nonmetrizable 
v^ ' topological groups. 

^isi ' We consider abelian groups whose topology is determined by a countable 

cofinal family of compact sets. These are precisely the closed subgroups of 
Pontryagin-van Kampen duals of metrizable abelian groups, or equivalently, 
.^^ ' complete abelian groups whose dual is metrizable. By investigating these 

-^ ' connections, we show that also in these cases, the character can be estimated, 

and that it is determined by the weights of the compact subsets of the group, or 
r^ , of quotients of the group by compact subgroups. It follows, for example, that 

the density and the local density of an abelian metrizable group determine the 
character of its dual group. Our main result applies to the more general case of 
closed subgroups of Pontryagin-van Kampen duals of abelian Coch-complete 
groups. 

Even in the special case of free abelian topological groups, our results ex- 
C^ ' tend a number of results of Nickolas and Tkachenko, which were proved using 

^ ' laborious elementary methods. 

t^*" , In order to obtain concrete estimations, we establish a natural bridge be- 

r^" i tween the studied concepts and pcf theory, which allows the direct application 

'•fi ' of several major results from that theory. We include an introduction to these 

(_^ ' results, their use, and their limitations. 






o 
o 



1. Overview and main results 



►v> , The topological structure of a topological group is completely determined by its 

^^ • local structure at an element. The most fundamental invariant of the local structure 

. .C? ; is the character, the minimal cardinality of a local basis. Metrizable groups have 

countable character, and the celebrated Birkhoff-Kakutani Theorem asserts that 
this is the only case where the character is countable. 

The computation of the character of nonmetrizable groups may be a hard task. 
For example, even the character of free abelian topological groups is only known in 
very special cases. The free abelian topological group A{X) over a TychonofF space 
X is the abelian topological group with the universal property, that each continuous 
function if from X into any abelian topological group H has a unique extension to 
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a continuous homomorphism (p : A(X) — ?► H. 

A{X) 

id 




X ^H 



As a set, A{X^ is the family of all formal linear combinations of elements of X over 
the integers. But the topology of AiX) is very complex, and in general, it is not 
known how to determine the character of A(X^ from the properties of X . 

In this paper, we make use of the fact that groups from an important class of 
topological groups, whose character estimation was intractable for earlier methods, 
contain open subgroups whose Pontryagin-van Kampen duals are metrizable. An 
introduction to the pertinent part of this duality theory will be given in Section 5. 

A subset C of a partially ordered set P is cofinal (in P) if for each p G P, there 
is c G C such that p < c. In this paper, families of sets are always ordered by C. 

All groups considered in this overview are assumed, without further notice, to 
be locally quasiconvex. This is a mild restriction, meaning that the group admits 
reasonably many continuous homomorphisms into the circle group. 

The complete abelian groups whose dual is metrizable are exactly the ones whose 
topology is determined by a countable cofinal family of compact subsetso The class 
of abelian groups containing open subgroups of this type includes, in addition to 
all locally compact abelian groups: 

- all free abelian groups on a compact space, indeed on any space whose 
topology is determined by a countable cofinal family of compact subsets; 

- all dual groups of countable projective limits of metrizable, or more gener- 
ally Cech complete, abelian groups; 

- all dual groups of abelian pro-Lie groups defined by countable systems 
[221 ES]; and 

- all countable direct sums, closed subgroups, and finite products of groups 
from this class [22] . 

Consider N^ with the partial order f < g ii f{n) < g{n) for all n. The cofinality 
of a partially ordered set P, denoted cof (P), is the minimal cardinality of a cofinal 
subset of P. c) is the cofinality of N^ with respect to < . This cardinal was extensively 
studied [13l [7] , and for the present purposes it may be thought of as some constant 
cardinal between Hi and the continuum (inclusive). 

For a cardinal k (thought of as a set of cardinality k), [k]*^" is the family of 
all countable subsets of k. The weight of a topological space X is the minimal 
cardinality of a basis of open sets for the topology of X. For brevity, define the 
compact weight of X to be the supremum of the weights of compact subsets of 
X. For nondiscrete (locally) compact groups, the character is equal to the (com- 
pact) weight. The main theorem of this paper, stated in an inner language, is the 
following. 

Theorem 1. Assume that the group G has an open subgroup H such that H is 
abelian non-locally com,pact, and the topology of H is determined by a countable 



I.e., there are compact sets K\,K2, . . . C G such that each compact i^ C G is contained in 
some Kn, and for each U Q G with all U n K„ open in K„, U is open in G. Groups satisfying the 
first condition are often named hemicompact. Groups satisfying both conditions are often named 
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cofinal family of compact subsets. Let k be the compact weight of H , and A be the 
m,inimum, among the compact weights of the quotients of H by compact subgroups. 
Then: the character of G is the maximum ofX), k, and the cofinality of [X\^° . 

In particular, if G has no proper compact subgroups (this is the case, e.g., for 
A(X)), or more generally, if quotients by compact subgroups do not decrease the 
compact weight of G, then the character of G is the maximum of 5 and cof([K]^o). 

Theorem [T] reduces the computation of the character of G to the purely combi- 
natorial task of estimating the cofinality of [A]^". This is a central task in Shelah's 
pcf theory. The last sections of this paper are dedicated to an introduction of this 
theory and its applications in our context. In contrast to cardinal exponentiation, 
cof([A]^°) is very tame. For example, if there are no large cardinals (in a certain 
canonical model of set theory ]3, then cof([A]^°) is simply A if A has uncountable 
cofinality, and A+ (the successor of A) otherwise. Thus, the axiom SSH, asserting 
that cof ([A]^° ) < A+, is extremely weak. Moreover, without any special hypotheses, 
cof([A]^°) can be estimated, and in many cases computed exactly. 

For brevity, denote the character of a topological group G by x(G). Following is 
a summary of consequences of the main theorem. 

Theorem 2. In the notation of TheoremUi 

(1) X(G)<«^". 

(2) IfK = K^% thenxiG) = k. 

(3) //A = K„ for some n, then x(G) = max(c),K). 

(4) If X = Hp, for a limit cardinal /i below the first fixed point of the H function, 
and fi has uncountable cofinality, then x(G') = max(i), k). 

(5) // A = Kq is smaller than the first fixed point of the H function, then x(G) 
is smaller than max(i)+, k+, H|„|+4). 

(6) // SSH holds, then: 

(a) If X < K or cof(A) > Kq, then x{G) — max(0, k). 

(b) If X ~ K and cof(A) = Kq; then x(G) = max(j), k+). 

The proof of these theorems spans throughout the entire paper, but the paper 
is designed so that each reader can read the sections accessible to him or her, and 
take as granted the other ones, using the index at the end of the paper in case of 
need for a definition. 

In Section 2, we set up a general framework for studying bounded sets in topo- 
logical groups. The level of generality is just the one needed to capture available 
methods from the context of topological vector spaces, and import them to the 
seemingly different context of separable topological groups with translations by el- 
ements of a dense subset. This is done in Section 3, which concludes by showing 
that in metrizable groups, precompact subsets of dense subgroups determine the 
precompact subsets of the full group, and consequently, the precompact sets in the 
group and in its dense subgroup have the same cofinal structure. These are, es- 
sentially, the only two results from the first two sections which are needed for the 
remaining sections. In a first reading of Sections 2 and 3, the reader may wish to 
consider only the special case of topological groups with translations by elements 
of a dense subset, since this is the case needed in the concluding results of these 
sections. 



It is not even possible to prove, using the standard axioms of set theory, that the existence 
of such cardinals is consistent. 
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In Section 4, the approach of Section 3 is generahzed from separable to arbitrary 
metrizable groups. The density of a topological group G, d(G), is the minimal 
cardinality of a dense subset of that space. We define the local density of G, ld(G), 
to be the minimal density of a neighborhood of the identity element of G. Let 
PK(G) denote the family of all precompact subsets of G. The main result of this 
section is the following^ 

Theorem 3. Let G be metrizable non-locally precompact group. The cofinality of 
PK(G) is equal to the maximum ofd, d(G), and coi{[\d{G)]^°). 

In Section 5 we use Theorem |2] and methods of Pontryagin-van Kampen duality 
to prove the following theorem. 

Theorem 4. Let G be a complete abelian group whose dual group is a metriz- 
able non-locally precompact group F. Then x{G) is the maximum of'Q, d(r), and 
cof([ld(r)]^°). 

This already puts us in a position to prove, in Section 6, the following resultO 

Theorem 5. Let X be a space whose topology is determined by a countable co final 
family of compact subsets. Let k, be the compact weight of X . Then the character 
of A{X) is the maximum of X) anii cof([K]^"). In particular: 

(1) xiMX)) < K^°, and if K^ K^«, then xiMX'j) = n. 

(2) //k = N„ for some n e N, then xiM^)) = max(0, K„). 

(3) If K = H^, for fi .smaller than the first fixed point of the H function, and fi 
is a limit cardinal of uncountable cofinality, then x{A{X)) — niax(c), N^) 

(4) If K = '^a is smaller than the first fixed point of the H function, then 
x{A{X)) is smaller than max(0+, H|q|+4). 

(5) // SSH holds, then: 

(a) If coi{n) > Ho, then xiA-{X)) — max(c),K). 

(b) //cof(K) == Ho, then xiMX)) =max(c),K+). 

Moreover, Nickolas and Tkachenko proved that for Lindelof spaces X, the char- 
acters of the free abelian and free nonabelian topological groups over X are equal 
|31) . Thus, Theorem [5] also holds for the free nonabelian topological group F{X). 

The result in Theorem [5] that the character of A{X) is the maximum of O and 
cof([K]^") was previously known only in few, very special cases, for example when 
X is compact, or when, in addition to the premise in our theorem, all compact 
subsets of X are metrizable [ST. Even in these special cases, their proof (which 
used elementary methods) was considerably more difficult than our proof for the 
more general theorem. 

In Section 7 we develop the remaining Pontryagin-van Kampen theory required 
to deduce Theorem [T] from Theorem |4l 

Section 8 introduces and applies pcf theory, to obtain the concrete estimations 
in Theorems [2] and [SI and Section 9 proves some freedom in these estimations, 
answering a problem of Bonanzinga and Matveev raised in a different context. 

We note that all estimations in Theorem [2] apply to Theorem |4] as well, which 
may be viewed by some readers as the main result of this paper. 



■^In Theoreni[3l which is of independent interest, we do not require that G is locally quasiconvex 
or abelian. 

We state Theoreni[5]in full because the estimations are slightly simpler than those in Theorem 

El 
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2. Bounded sets in topological groups 

The unifying concept of this paper is that of boundedness in topological groups. 
This concept plays a central role in a number of studies in functional analysis 
and topology. In its most abstracted form, a boundedness (or homology ^) on a 
topological space X is a family of subsets of X which is closed under taking subsets 
and unions of finitely many elements, and contains all finite subsets of X|j The 
abstract approach has found applications in several areas of mathematics - see the 
introduction and references in [6 . In particular, Vilenkin [37^ applied this approach 
in the realm of topological groups. Here, we focus on well-behaved boundedness 
notions in topological groups, which make it possible to simultaneously extend 
some earlier studies in locally convex topological vector spaces as well as seemingly 
unrelated studies of general topological groups. 

We use the following notational conventions throughout the paper: For a set 
X, P(X) denotes the family of all subsets of X, and Fin(X) denotes the family of 
all finite subsets of X. An operator t on P{X) is a function t : P{X) -^ P{X). 
Throughout, G is an infinite Hausdorff topological group with identity element e 
(or if G is restricted to be abelian), and T is a set of operators on P{G). 

Definition 2.1. For an operator t on P{G), write t*A for t{A), A<ZG. Let T be 
a set of operators on P{G). 

(1) For F C T, F * A denotes UteF * * ^• 

(2) A set i? C G is T -hounded [hounded^ when T is clear from the context) if 
for each neighborhood U of e, there is a finite F CT such that B C F *U. 

The following axioms guarantee that the family of T-bounded sets is a bound- 
edness notion. 

Definition 2.2. A boundedness system is a pair (G, T) such that G is a topological 
group, T is a set of operators on P{G), and the following conditions hold: 

(Bl) For each open U and each t G T, f * [/ is open; 

(B2) For each neighborhood U oie,T*U = G; 

(B3) For each T-bounded ACG and each t GT,t* Ais T-bounded; 

(B4) For aWACBCG and each t e T, t * A Ct * B; 

(B5) For each S C T with \S\ < |T|, there is a neighborhood [/ of e such that 
S*U^G; 

(B6) For each n, there is a neighborhood t/ of e such that for all T C T with 
\F\<n, F*U ^G. 
A boundedness system (G, T) is said to be metrizable if G is metrizable. 

Axiom (B5) is assumed since one can restrict attention to a set T' C T of minimal 
cardinality such that T'*U = G for each neighborhood U oi e. Axiom (B6) is added 
to avoid trivialities. By moving to the semigroup of operators generated by T, we 
may assume that T is a semigroup. We will, however, not make use of this fact. 

Precompact sets need not be bounded when G is not complete, but we have the 
following. 

Lemma 2.3. For each boundedness system {G,T): 
(1) Every compact K C G is bounded. 



In set theoretic terms, this defines a (not necessarily proper) ideal on X containing all 
singletons. 
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(2) The family of bounded subsets of G is a boundedness. D 

The following two examples of boundedness systems are well known. In these 
examples, we identify T with some set of parameters defining the elements of T. 
In general, we may identify T with any set S of the same cardinality, by modifying 
the definition of * appropriately. 

Example 2.4 (Standard boundedness on topological vector spaces). Let _E be a 
topological vector space. Take T — N, and define n * A — {nv : v E A} for each 
A CV. For example, (B2) holds since lim„ -v — for each v £ E. The N-bounded 
sets are those bounded in the ordinary sense. 

In Example 1 2. 41 if i? is a locally convex topological vector space, we may alterna- 
tively define n*A = nA — {wi + - • •+«« : wi, . . . , u„ G A} for each AC]/, and obtain 
the same bounded sets. More generally, for any connected multiplicative topologi- 
cal group G, we can take T = N and n* A = A" = {aia2 ■ • • a„ : oi, 02, . . . , a„ G A}. 
Let U be an open and symmetric neighborhood of e. Then N * [/ is an open, and 
therefore also closed, subgroup of G. Thus, N * C/ = G. 

Example 2.5 (Standard boundedness on Topological groups). Fix a dense subset 
T of G of minimal cardinality. For our purposes, it does not matter which dense 
subset we take. Define t * A = tA = {ta : a e A} ioi all t e T, A C G. The 
T-bounded sets are the precompact subsets of G. Axiom (B6) holds because our 
groups are assumed to be infinite Hausdorff. 

When a topological group also happens to be a topological vector space, the term 
standard boundedness system on G has two contradictory interpretations. When 
we wish to use the one of topological vector spaces, we will say so explicitly. 

The two canonical examples were combined by Hejcman [24], who considered 
the case T ^ D x N, where D is a dense subset of G, and {d, n) * A — dA" . The 
T-bounded sets are the standard bounded sets when G is a topological vector space, 
and the precompact sets when G is a locally compact group. 

Definition 2.6. Let {G,T) be a boundedness system. A set A C G is K-bounded 
(with respect to T) if, for each neighborhood U oi e, there is S* C T such that 
5*1 < K, and A <Z S * U. The boundedness number of A in {G,T), denoted hriA), 
is the minimal k, such that A is K-bounded. 

Axiom (B6) asserts that bT(G) > Kq. 

For the standard boundedness system (G, T) on a topological group G (Example 
12. 5p . \iT{G) does not depend on the choice of the dense subset T. Indeed, we have 
the following. 

Definition 2.7. For a topological group G and a set A C G, h{A) is the minimal 
cardinal k such that for each neighborhood U of e, there is S* C A such that |5| < k, 
and A C SU. 

Lemma 2.8 (folklore). Let {G,T) be a standard boundedness system on G. Then: 

(1) hriA) = b(yl) for all A C G. 

(2) IfACBC G, then h{A) < h{B). 

Proof (2) Clearly, hriA) < hriB). Thus, it suffices to prove (1). 

(>) Fix a neighborhood [/ of e in G. Let F be a neighborhood of e in G, such 
that V = V-^ and V^ CU.LctSCT be such that l^l < hriA), and A C SV. By 
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thinning out S if needed, we may assume that for each s € S, sVOA ^ 0. For each 
s € S, pick an element as G sV D A. Then s G UsV, and thus sV C QsV^ C UsU. 
Let 5" = {as : s G S}. Then 5' C A, \S'\ < \S\ < hriA), and A C SV C S'U. 
(<) Similar, using that T is dense in G. D 

Lemma 2.9. For a standard boundedness system {G,T) on a topological group, 

\T\=d{G). D 

Thus, if (G, T) is a boundedness system with G a cr-compact group, then hxiG) = 
Hq. But if G is (nonmetrizable and) not separable, then for the standard bounded- 
ness system on G, \T\ = d(G) > Hq. That is, for each neighborhood t/ of e there is 
a countable S C T such that S * U ~ G, but there is no such S independent on U. 

Recall that for infinite cardinals k and A, n ■ X = max(K, A). 

Proposition 2.10. Let {G,T) be a boundedness system. Then 

bT(G)<|T|<x(G)-bT(G). 
In particular: 

(1) For metrizable G, \T\ = bT(G). 

(2) b(G)<d(G)<x(G)-b(G). 

(3) For metrizable G, b(G) ^ d(G). 

Prooj. \T\ < x(G) • bT(G): Let {C/„ : a < x(G)} be a neighborhood base of G at 
e. For each a < x(G), let ^a C T be such that \Sa\ < hxiG), and Sa * Ua = G. 
Let S = Uq<v(g) "^a- ^^'^ ^^'^'^ neighborhood C/ of e, 5* * C/ = G. If follows that 
\T\^\S\<xiG)-hTiG). 

For (2) and (3), consider the standard boundedness system on G. D 

Thus, when considering metrizable groups, we may replace bT(G) by |T|, or by 
d(G) when the standard boundedness system is considered. 

We give some examples, using the (multiplicative) torus group T = {z G C : 
|z| = l}. 

Example 2.11. The inequalities in Proposition 12.101 cannot be improved, not even 
for the standard boundedness system (Item 3 of the proposition) on powers of the 
torus: For compact groups G of cardinality 2'^, b(G) = Hq, and d(G) — log(K), 
where log(K) is defined as min{A : k < 2^} [11] Theorem 3.1]. 

Thus, for infinite k, b(T'^) = Hq, d(T«) = log(K), and xCT") = k. The inequality 
^0 < log(K) < K cannot be improved: Let c — 2^°. 

(1) K = Ho gives b(G) = d(G) = x(G) = Hq. 

(2) K = c gives b(G) = d(G) = Hq < x(G) = c. 

(3) K = c+ gives b(G) = Hq < d(G) = log(c+) < xif) = c+. 

(4) K = n^ gives b(G) = Ho < d(G) = x(G) =3^0 

3. When T is countable 

Methods and ideas from the context of topological vector spaces, developed by 
Saxon and Sanchez- Ruiz [34], and by Burke and Todorcevic [9], generalize in a 
straightforward manner to general boundedness systems (G, T) with T countable. 



The cardinal 3,^ is defined as the supremum of all cardinals 3n, n G N, where 3i = 2**" and 
for each n > 1, Hn = 2 "-i . 
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Even for the standard boundedness systems on topofogical groups, some of the 
obtained results were apparently not observed earlier. 

Definition 3.1. {G.T) is locally hounded if there is in G a neighborhood base at 
e, consisting of bounded sets. 

Definition 3.2. Let P, Q be partially ordered sets. P < Q \i there is an order- 
preserving f : P ^ Q with image cofinal in Q. P is cofinally equivalent to Q if 
P ^ Q and g ^ P. 

If P ^ Q, then cof(Q) < cof(P). 

Definition 3.3. Let {G,T) be a boundedness system. BddT(G) is the family of 
T-bounded subsets of G. BddT(G) is considered with the partial order C. When 
{G,T) is a standard boundedness system, BddT(G) is the family of precompact 
subsets of G, which we denote for simplicity by PK(G). 

Remark 3.4. If G is T-bounded, then BddT(G) is cofinally equivalent to the sin- 
gleton {!}. 

For a function f : X ^ Y and A C X,B C Y, we use the notation f[A] = 
{/(a) : a G A}, and f-^[B] = {x e X : f{x) S B}. 

For locally convex topological vector spaces with the standard boundedness 
structure, the following is pointed out in [9l Theorem 2.5]. Recall that when T 
is countable, we may identify T with N. 

Proposition 3.5. // a boundedness system (G, N) is locally hounded and G is un- 
bounded, then BddN(G) is cofinally equivalent to N. 

Proof. Fix a bounded neighborhood U of e, such that for each finite P C N, P*f7 7^ 
G. Define (^ : G -^ N by 

^p{g) = min{n : g d n * U}. 

The functions K 1—^ maxiy9[ii'] and n 1— >■ iy9^^[{l, . . . , n}] establish the required 
cofinal equivalence. D 

Systems which are not locally bounded are more interesting in this respect. 
Assume that G is metrizable, and let t/„, n G N, be a neighborhood base at e. 

Definition 3.6. * : G ^ N'^ is defined by 

X I— > ipx{n) ~ min{7Ti : x G m * [/„}■ 



For a bounded set B C N*^, / = maxP e N'^ is defined by f{n) = inax{g{n) : 
g e B}. Define functions BddN(G) -^ N^* and N^* -> BddN(G), respectively, by 

K ^ max^'[K]; 

f ^ ^-'[{geN'':g<f}]. 

Both functions are monotone, and the image of the latter is cofinal in BddN(G). 

For locally convex topological vector spaces with the standard boundedness 
structure, the following is proved in p4l Proposition 1] and in [9, Theorem 2.5]. 

Theorem 3.7. Let (G, N) he a metrizahle non-locally bounded boundedness system. 
Then BddN(G) is cofinally equivalent to N^. 
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Proof. As compact sets are bounded, it suffices to sfiow tliat tlicre is a neigliborliood 
base Un, n G N, at e, and for each / G N^, there is a compact K C G, such that 
/ < iimx^>[K]. 

Let [/„, n G N, be a descending neighborhood base at e. As Ui is not bounded, 
we may assume (by shrinking U2 if needed) that there is no m such that Ui C 
{!,..., m} * 1/2- Continuing in the same manner, we may assume that for each n, 
there is no m such that C/„ C {!,..., m} * Un+i- 

Given / G N^, choose for each n an element Xn G C/„ \ {1, . . . , f{n)} * Un+i- 
As the original sequence C/„ was descending to e, x„ converges to e, and thus 
K = {Xn : n G N} U {e} is a compact set as required. D 

Corollary 3.8. Let G be a separable metrizable non-locally precompact group. Then 
PK(G) is cofinally equivalent to N^. 

Definition 3.9. For a topological space X, C(Ar, T) is the group of all continuous 
functions from AT to T with pointwise multiplication, endowed with the compact- 
open topology. That is, a neighborhood base at the constant function 1 is given by 
the sets 

{/GC(A,T):(VxGif)|/(x)-l|<e}, 
where K in a. compact subset of X , and e is a positive real number. 

A Polish group is a complete, separable, metrizable group. We give two well 
known examples of non-locally compact Polish groups, and where it is not imme- 
diately clear (without Corollarv l3.8p that PK(G) is cofinally equivalent to N^. 

Example 3.10. Let L be a Lie group, for example T or the group of unitary n x n 
complex matrices. Let K he a, compact metric space. G{K, L) is a Polish group, 
with the metric given by the supremum norm. G{K, L) is not locally compact 
(unless K is finite). By Lemma F3. 71 the family of compact subsets of G{K,L) is 
cofinally equivalent to N^. 

Example 3.11. Consider the group S'n of permutations on N, where for each finite 
F C f^, the set Up of all permutations fixing i^ is a neighborhood of the identity. 
This defines a neighborhood base at the identity permutation, and thus a topology 
on 5'n. 5'n is a (nonabelian) Polish group, and it is not locally compact. Thus, its 
compact subsets are cofinally equivalent to N^. 

For /, 5 G N^, f <* g means: f{n) < g{n) for all but finitely many n. b is the 
minimal cardinality of a <*-unbounded subset of N'*. b is uncountable, and can 
consistently be any regular uncountable cardinal (details are available in [T31I7]). 

For locally convex topological vector spaces with the standard boundedness 
structure, the following is Corollary 2.6 of [S]- 

Corollary 3.12. Let (G, N) be a metrizable boundedness system. 

(1) For each J- C BddN(G) with \J^\ < b, there is a countable S C BddN(G) 
such that each member of T is contained in a member of S . 

(2) Each union of less than b bounded subsets of G is a union of countably 
many bounded subsets of G. 

Proof. The statements are immediate when G is locally bounded. Thus, assume it 
is not. Then (1) follows from the cofinal equivalence of BddN(G) and N'^, and (2) 
follows from (1). D 
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Definition 3.13. A group G is metrizable modulo precompact if there is a precom- 
pact subgroup K oi G, such that the coset space G/K is metrizable. 

Example 3.14. AU Cech-complete groups, and aU almost-metrizable groups, are 
metrizable modulo precompact. 

For nonabelian G, the coset space G/K need not be a group since we do not 
require i^ to be a norm,al subgroup. However, the concept of boundedness extends 
naturally to the coset space G/K, and we have the following. 

Lemma 3.15. Let K he a precom,pact subgroup of G, and tt : G ^ G/K be the 
canonical quotient map. 

(1) IfPe PK{G), then tt[P] e PK{G/K). 

(2) //g e PK{G/K), then Tr-^[Q] £ PK(G'). 

(3) PK(G') is cofinally equivalent to PK{G/K). 

Proof. (1) Precompactness of K is not needed here: Let [/ be a neighborhood of 
eK in G/K. As 7r~^[C/] is a neighborhood of e in G, there is a finite F C G such 
that P C Ftt-^[U]. Then 7r[P] C tt[Ftt-'^[U]] = FU. 

(2) Let [/ be a neighborhood of e in G. Take a neighborhood W oi e such 
that W^ Q U. As iiT is precompact, there is a neighborhood V^ of e such that 
VK C KWE As K is precompact, there is a finite ICG such that K C IW. 

Tr[V] is a neighborhood of eK in G/K. Take a finite subset F oi G such that 
Q C 7r[F]7r[T/]. Then 7r-i[Q] C 7r-i[7r[F]7r[y]] = FKVK C FK^W = FKW C 
FIW^ C i^/[/, and FI is finite. 

(3) If P e PK(G), then Q = 7r[P] G PK(G/is:), and 7r-i[Q] e PK(G), and 
contains P. Thus, the map Q ^ n-'^[Q] shows that PK{G/K) ^ PK(G). Similarly, 
if e PK{G/K), then P = 7r-i[Q] e PK(G), and Q = 7r[P] e PK(G/X), and 
thus the map P ^ tt[P] gives PK(G) ^ PK{G/K). D 

Corollary 3.16. Let G be a separable, metrizable modulo precompact, Baire group. 
If G is a union of fewer than b precompact sets, then G is locally precompact. 

Proof. By Lemma [SHH we may assume that G is metrizable. By Corollarv l3.121 G 
is a union of countably many precompact sets. As the closure of precompact sets is 
precompact, we may assume that these sets are closed. As G is Baire, one of these 
sets has nonempty interior. It follows that there is a precompact neighborhood of 
e. D 

If every bounded subset of a normed space is separable, then the space is separa- 
ble. Dieudonne [12] asked to what extent this can be generalized to locally convex 
topological vector spaces. Burke and Todorcevic answered this question completely, 
by showing that the same assertion holds in all locally convex topological vector 
spaces if, and only if. Hi < b [9l. One direction of this assertion is generalized as 
follows o 

Theorem 3.17. Let (G, N) be a metrizable boundedness system, and d{G) < b. If 
all bounded subsets of G are separable, then G is separable. 



'This is standard: Take a neighborhood Wq of e with Wq C W, and then take a finite F C. K 

such that K C FWq. For each g G F, e-g = g G FWq, and thus there is a neighborhood Vg of e with 

Vg-gC FWo- Take V = Clg^p ^9- Then VF C FWo, and thus VK C VFWo C FWqWo C FW. 

Theorem l3.17l is trivial when applied to standard boundedness systems on topological groups, 

but is nontrivial in general. 
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Proof. Assume otherwise, and let D he a. discrete subset of G of cardinality Hi. As 
Hi < b, we have by Corollary 13.121 that D is a. union of countably many bounded 
sets. Thus, D has a (discrete, of course) bounded subset of cardinality Hi. D 



Lemma 3.18. Using the notation of Definition \3.6l For all rrii, . . . , 7ti„ G N, 
^-Ml/eN'^ :/(fc) <mfe,fc= l,...,n}] is open. D 

Proposition 3.19. For each sequence Xn ^>- x in G, there is a subsequence {j/n} 
of {xn\ such that ipy^ converges to a function f < ipx- 

Proof. By Lemma FS.lSl (px„{l) < (fixi^) for all but finitely many n. Thus, there is 
'fni < (px{i) such that h = {n : ipx^{l) — mi} is infinite. Inductively, given the 
infinite Ik-i C N, we have by Lemma [3 . 1 81 that (px„{k) < (px(k) for all but finitely 
many n G /fc-i, and thus there is ruk < ^x{^) such that /^ = {n G Ik-i '■ 'fix„ik) = 
r/ifc} is infinite. 

For each fc, pick i^ G Ik with ij, > ik-i- Then tpx^ — > /, where f{k) — m^ < 
(Px{k) for all k. D 

The next result tells that if the group has a small dense subset, then the bounded 
subsets of its completion are determined by the bounded subsets of any dense 
subgroup of G. A special case of it was proved by Grothendieck [23] , and extended 
in [HI Theorem 2.1], for G a separable metrizablc locally convex topological vector 
space. 

Theorem 3.20. Let (G, N) be a metrizable boundedness system, and d(G) < b. 
Let D be a dense subset of G. For each bounded K C G, there is a bounded J C D 
such that K Q J . 

Proof. Assume that G is locally compact, and let L'^ be a compact neighborhood 
of e. Take a finite F C N such that X C F * [/, and let J = D n (F * t/). Then 
K <zl. 

Next, assume that G is not locally compact. As d(G) < b, there \s K' Q K 
such that \K'\ < b and K C K'. For each x ^ K', let {a:„} be a sequence in D 
converging to x. By Proposition 13.191 we may assume that {</?a;„} converges to a 
function ip'^ < ^x- {xn : n G N} U {a;} is compact and thus bounded. Take gx such 
that ipx^ ^ gx for all n. 

As \K'\ < b, there is /i G N^ such that gx <* h for all x e K' . We require also 
that all elements of '^[K] are < h. For each x G K', (px„ < h for all but finitely 
many n: Indeed, let N be such that gx(k) < h{k) for all k > N. For all but finitely 
many n, 

^xjl) = f'xi^) < ^x{l) < h{l), ..., ifxAN) = v'x{N) < ^x(N) < h{N), 

as X e K, and for k > N, ipx„{k) < gx{k) < h{k). Thus, for J = D n *"M{./ £ 
N^* : f <h}], we have that K' C J, and therefore also K cl. D 

It seems that the following special case of Theorem 13. 201 was not noticed before. 

Corollary 3.21. Let G be metrizable, and H be a dense subgroup of G. For each 
precompact K C_ G, there is a precompact J C H such that K C J . 

Proof. As K is precompact and G is metrizable, K is separable. As H is dense in 
G and K is separable, there is a countable D C H such that K C D. We may 
assume that _D is a group. Let G' — D, and apply Theorem 13.201 to G' and D to 
obtain a bounded J Cl D such that K C J. D 
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Example 3.22. Consider the permutation group S'n from Example 13.111 By Corol- 
larv l3.2l] each compact subset of S'n is contained in the closure of some precompact 
set of finitely supported permutations. 

Remark 3.23. There is no assumption on the density of G in corollary 13.211 How- 
ever, mctrizability is needed: A P-group is a group where every Gs set is open. For 
each complete P-group G with a proper dense subgroup H , and each g £ G, {g} 
is not contained in the closure of any precompact subset of H. Indeed, ii B C H 
is precompact, then _B is a compact subset of G, and thus finite (countably infinite 
subsets of P-spaces are closed and discrete), and thus B C H. 

For a concrete example, let Z2 be the two element group, and take G = (Z2)'* 
for some k > Hq, with the countable box topology, and let H be the group of all 
g S (Z2)'* which are supported on a countable set. 

Corollary 13.211 implies the following. 

Corollary 3.24. Let G be m,etrizable, and H be a dense subgroup of G. Then 
PK(iJ) is cofinally equivalent to PK(G). D 

4. The cofinality of the family of bounded sets 

For locally convex topological vector spaces with the standard boundedness 
structure, the following is proved in [Ml Theorem 1] and in fS] Theorem 2.5]. In its 
general form, it follows from Proposition 13.51 and Theorem 13.71 



Corollary 4.1. Let (G, N) be a boundedness system. 

(1) If G is bounded, then cof(BddN(G)) — 1. 

(2) If G is locally bounded and unbounded, then cof(BddN(G)) = Nq. 

(3) If G is metrizable non-locally bounded, then cof(BddN(G)) =0. D 

Lemma 4.2. Let (G, T) be a boundedness system. 

(1) IfG is bounded, then cof(BddT(G)) = 1. 

(2) // G is unbounded, then: 

(a) Ho <cof(BddT(G)). 

(b) bT(G) <cof(BddT(G)). 

(c) Ifx{G) < \T\ (in particular, for metrizable G ) , then \T\ < cof(BddT(G)). 

Proof of (2). (a) Otherwise, G is the union of finitely many bounded sets, and thus 
bounded. 

(b) Let K — cof(BddT(G)). By (a), k > Kq. Let {Ka : a < k} he cofinal in 
BddT(G). For each neighborhood U of e, there are finite Fa '^T, a < k, such that 
Ka<^Fc* U. Let S = Ua<K Fa. Then \S\ = k, and 5 * f/ contains Ua<K ^^ = G. 

(c) Apply (b) and Proposition l2.10l D 

Lemma 4.3. 

(1) Let {G,T) be an unbounded locally bounded metrizable boundedness system. 
Then coiiBddTiG)) = \T\. 

(2) For each metrizable nonprecompact locally precompact group G, cof (PK(G)) — 

d(G). 

Proof of (1). Let U he a bounded neighborhood of e. Then {F *U : F £ Fin(r)} 
is cofinal in BddT(G), and thus cof(BddT(G)) < |Fin(r)| = \T\. Apply Lemma 
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Definition 4.4. For a set X, Fin(X)N is the set of all functions / : N ^ Fin(X). 
This set is partially ordered by defining / C 17 as f{n) C g{n) for all n. 

cof(Fin(X)'^) depends only on \X\. 

Lemma 4.5. Let {G,T) be a metrizable houndedness system, and let k = \T\. 
Then: 

(1) Fin(«;)N^BddT(G). 

(2) cof(BddT(G)) <cof(Fin(K)N). 

(3) cof(PK(G)) < cof(Fin(d(G))N). 

Proof of (1). Fix a neighborhood base C/„, n G N, at e. For each / e Fin(K)'^, 
define 

Kf = n f{n) * Un. 

neN 

Then each Kf G BddT(G), and {Kf : f G Fin(K)N} is cofinal in BddT(G). D 

The following concept is central for the main results of this section. 

Definition 4.6. The local density of a group G is the cardinal 

ld(G) = min{d(C/) : f7 is a neighborhood of e in G}. 

G has stable density if ld(G) = d(G). 

G has local density k if, and only if, G has a local base at e, consisting of elements 
of density n. 

Lemma 4.7. ld(G) is the minimal density of a clopen subgroup H ofG. Thus, G 
has stable density if, and only if, d(H) = d(G) for all clopen H < G. 

Proof Let f7 C G be an open neighborhood of e, with d{U) ~ ld(G). Take H = 
(U). H is an open subgroup of G, and is thus also closed. D 

Example 4.8. If G is connected, then G has stable density. 

Definition 4.9. Let F be a neighborhood of e in G. A set A C G is a V-grid 
if the sets aV, a E A, are pairwise disjoint. A is a grid if it is a T^-grid for some 
neighborhood V oi e. 

The intersection of a precompact set and a grid must be finite. 

Lemma 4.10. Let G be a metrizable group with stable density. Let k = d(G), and 
U be a neighborhood of e. 

(1) For each X < n, U contains a grid of cardinality greater than A. 

(2) //cof(K) > Kq; then U contains a grid of cardinality k. 

Proof. (1) Let V C U he a symmetric neighborhood of e, such that for each S* C G 
with |5| = A < K, SV^ does not contain U. 

By Zorn's Lemma, there is a maximal T^-grid A in U. As V is symmetric, 
U C AV^. It follows that |yl| > A. 

(2) Let {Vn : n G N} be a symmetric local base at e, and for each n let An be 
a maximal V^^-grid in U. The previous argument shows that for each A < k, there 
is n such that |A„| > A. Thus, sup„ \An\ = k. As cof(K) > Ho, there is n with 

\An\ ^ K. D 
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We are now ready for the main results of this section. Given partially ordered sets 
Pi, . . . , Pk, define the coordinate-wise partial order on Pi x . . . x Pfc by (ai , . . . , a^) < 
(61, . . . , 6fe) if ai < 61, . . . , afe < bk- 

Definition 4.11. For cardinals k,X, the family 

M^ = {ACk:\A\=X} 

is partially ordered by C. 

Tiieorem 4.12. Let G be a metrizable non-locally precompact group of stable den- 
sity K. Then: 

(1) PK(G) is cofinally equivalent to N^ x [nfo. 

(2) cof(PK(G))=3-cof([K]^«). 

Theorem 14. 121 follows from the following two propositions. 

Proposition 4.13. Let G be a metrizable non-locally precompact group of stable 
density k. Then: 

(1) PK(G) is cofinally equivalent to Fin(K)^. 

(2) cof(PK(G)) = cof(Fin(K)N). 

Proof. If cof(K) > Ho, let Kn ^ k for all n. Otherwise, k„, n G N, be such that 
K-n < Kn+1 for all n, and sup„ k„ — n. 

Let {Un : ?i G N} be a decreasing local base at e. For each n, there is by Lemma 
I4.10l a grid A^ C C/„ with \An\ = k„. 

Let P e PK(G). Then P n An is finite for aU n. Thus, we can define * : 
PK(G)^n„Fin(A„)by 

Ph^/ with f{n) = Pr\An 

for all n. 

\1/ is cofinal: For each / G ]^„Fin(v4„), P = Un /(") U l^} is £^ countable set 
converging to e, and thus compact, and for each n, /(n) C \I>(P)(n). 

As ^ is monotone and cofinal, PK(G) ^ Hn Fiii(^n)- 

Lemma 4.14. //k„ < Kn+i /or a/Z n, and sup„ k„ = k, then 

[|Fin(K„) ^ N'^ X [|Fin(K„) r< Fm{Kf . 

n n 

To prove the first assertion, map f to the pair {h,f), where h{n) — laBJi f(n) D lo 
(or if f{n) Huj is empty). 

For the second assertion, map (h, g) to the function 

f{n)^ U g{m). D 

7n<.h{n) 

Now, apply Lemma 14.51 

Proposition 4.15. For each infinite cardinal k: 

(1) Fin(K)^ is cofinally equivalent to N^ x [k,]^° . 

(2) cof(Fin(K)N) = 9.cof([K]^o). 
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Proof of (1). Fin(K)'^ ^ N^* x [k]^°: Given / e Fin(K)N, define g/ G N^ by g/(n) = 
max(/(n) Pi w) U {0}, and s/ = 1J„ f{n). The map / n- {gf,Sf) is monotone and 
cofinal. 

N^ X [k]^o ^ Fin(K)'^: For each s G [k]^", fix a surjection r^ : N ^ s. The 
mapping of (/, s) G N^ x [k]'^° to g £ Fin(K)^, defined by 

5(n) = {r,(l),r,(2),...,r,(/(n))} 

for all n, is monotone and cofinal. D 

We now treat the general case, using the following observation: If iJ is a clopen 
subgroup of G of density ld(G), then H has stable density, G/H is discrete, and 
d(G) = \G/H\-ld{G). 

Theorem 4.16. Let G be a metrizahle non-locally precompact group. 

(1) Let H be a clopen subgroup ofG, of density \d{G) . ThenPK(G) is cofinally 
equivalent to Fin(G/iJ) x N^* x [ld(G)]^o. 

(2) cof(PK(G)) = • d(G) • cof([ld(G)]^«). 

Proof (1) d{H) = ld(G) = ld{H). 

Lemma 4.17. For each clopen subgroup H of G, PK(G) is cofinally equivalent to 
Fm{G/H) xPK(iJ). 

Proof. Fix a set S* C G of coset representatives, that is such that for each g € G, 
\S n gH\ — 1. We need to show that PK(G) is cofinally equivalent to Fin(S') x 
PK(iJ). 

For A C G let S{A) ^ {s e S : sH D A^ 9}. 

p^ is{P),Hn y s-^P 

is a monotone and cofinal map from PK(G) to Fin(5) x PK{H). 

For the other direction, we can map each {F, P) G Fin(S') x PK(i?) to FP. D 



This, together with Thcorcm l4.121 proves (1). 
(2) By (1), 

cof(PK(G)) = \G/H\-D- cof([ld(G)]^"). 
The statement follows, using that \G/H\ < d(G) < cof(PK(G)) (Lemma[42l). D 

Example 4.18. For all cardinals A < k, there are metrizable groups G with ld(G) = 
A and d(G) = k. For example, a product of a discrete group of cardinality k and 
G(T^,T). 

An extreme example is where G is discrete: We obtain ld(G) — 1, and d(G) = 
|G|, and indeed PK(G) = Fin(G/{e}). 

cof (Fin(«:)^) also appears, in a different context, in a recent work of Bonanzinga 
and Matveev [8j. We will return to this towards the end of this paper. 
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5. Abelian groups and Pontryagin-van Kampen duality 

In the remainder of the paper, all considered groups are assumed to be abelian, 
and we use the additive notation and for the trivial element. In particular, we 
identify T with the additive group [—1/2, 1/2), having addition defined by identi- 
fying ±1/2. 

A character on a topological group G is a continuous group homomorphism from 
G to the torus group T. This is a collision in terminology, which may be solved as 
follows: Characters on G are its continuous homomorphisms into T, whereas the 
character of G is the minimal cardinality of a local base of G at e. The set of all 
characters on G, with pointwise addition, is a group. 

Let K(G) denote the family of all compact subsets of G. For a set A C G and a 
positive real e, define 

[Ae]-{xeG:(Vae^) |x(a)| < e}. 

The sets [K,e] C G {K G K(G),e > 0) form a neighborhood base at the trivial 
character, defining the compact-open topology. We write G for the topological 
group obtained in this manner. 

G is reflexive if the evaluation map 

E:G~^G 

defined by E{g){x) — xid) for all 5 G G, x G G, is a topological isomorphism. The 
Pontryagin-van Kampen Theorem asserts that every locally compact abelian group 
is reflexive. 

Let K he a compact subset of G. For each n, the set Kn = KU 2K U • • • U nK is 
compact, and [Kn, 1/4] C [K, 1/An]. Thus, the sets [K, l/A], K eK{G), also form 
a neighborhood base of G at the trivial character. 

Definition 5.1. For ACG, A'> = [A, 1/4]. Similarly, ioi X C G, X^ ^ {g e G : 

(yxeX)\xig)\<l}. 

Lemma 5.2 (|4] Proposition 1.5]). For each neighborhood U o/O in G, U^ G K(G). 

Definition 5.3 (Vilenkin [37]). A set A C G is quasiconvex if A^"^ ^ A. G 
is locally quasiconvex if it has a neighborhood base at its identity, consisting of 
quasiconvex sets. 

For each A C G, A^ is a quasiconvex subset of G. Thus, G is locally quasicon- 
vex for all topological groups G. Moreover, local quasiconvexity is hereditary for 
arbitrary subgroups. 

A^"^ is the smallest quasiconvex subset of G containing A, and is closed. 

In the case where G is a topological vector space G is locally quasiconvex in the 
present sense if, and only if, G is a locally convex topological vector space in the 
ordinary sense [4j . 

If G is locally quasiconvex, its characters separate points of G, and thus the 
evaluation map E : G ^>- G"" is injective. For each quasiconvex neighborhood U of 
in G, U^ is a compact subset of G (Lemma l5.2[) . and thus U^^ is a neighborhood 
of in G". As E[G] n U^^ = E[U^^] = E[U], we have that E is open [1 Lemma 
14.3]. 

Lemma 5.4. Let G be a complete locally quasiconvex group. Let J\f be the family 
of all neighborhoods of in G. Then: 
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(1) (A/", 3) is cofinally equivalent to (K(G'),C). 

(2) x(G) = cof(K(G)). 

Proof of (1). We have seen above that the monotone map > : K(G') — > TV" is cofinal. 
Consider the other direction. Let K G K(G'), and take U — K^ G M. By 
Lemma [Ea C/^ e K(G'"). Now, 

KCK^^ = [/<= =£;-![[/'> n-BiG]]. 

As G is complete, f/'^ n E[G] is compact. As G is locally quasiconvex, i? is open, 
and therefore E^^[U^ r\E[G]] is compact. Thus, the monotone map < : TV — > K(G) 
is also cofinal. D 



Remark 5.5. As can be seen from the proof of Lemma [5.41 the assumption that 
G is complete can be wakened to the so-called quasiconvex compactness property: 
That for each K G K(G), K'^^ G K(G). 

We obtain the following result, which extends to topological abelian groups a 
result of Saxon and Sanchez-Ruiz for the strong dual of a metrizable space |341 
Corollary 2] 

A topological space AT is a k -space if the topology of X is determined by its 
compact subsets, that is, i^ C A is closed if (and only if) F D K is closed in K 
for all K G K(G). Every metrizable space is a fc-space. A k-group is a topological 
group which is a fc-space. 

Let G be the dual of a metrizable group F. If F is (pre)compact, then by 
Pontryagin's Theorem, G is discrete, that is x(G') — 1- Item (1) of the following 
proposition is known |Tl] Theorem 3.12(ii)]. 

Proposition 5.6. Let G he the dual of a metrizable, nonprecompact group F. 

(1) IfT is locally precompact, then x(G) — d(F). 

(2) IfT is non-locally precompact, then x{G) is the maximum ofd, d(F), and 
cof([ld(F)]^o). 

Proof. Aufienhofer [3j and independently Chasco 10; proved that a metrizable 
group and its completion have the same (topological) dual group. Since the density 
and local density of a metrizable group are equal to those of its completion, we may 
assume that F is complete. 

Since F is metrizable, it is a fc-space, and therefore G = F is complete [4j Propo- 
sition 1.11]. By Lemma [5^ and the completeness of F, 

X(G) = x(r) = cof(K(F)) = cof(PK(F)). 

(1) By Lemma SSI cof(PK(F)) = d(F). 

(2) By Theorem mH] and Theorem |lIT5l 

cof(PK(F)) = d(F) • cof(Fin(ld(F))N) = d ■ d(F) • cof([ld(F)]^°). D 

Even for locally quasiconvex G, the evaluation map E need not be continuous. 
If it is, then G is isomorphic to its image E[G] in G''. 



^As every locally convex topological vector space is connected, it has stable density and there- 
fore the concept of local density is not required in |34| . As stated here, our theorem does not 
generalize that of Saxon and Sanchez-Ruiz. There is a natural extension of our approach which 
implies their result as well, by replacing K(G) with more general boundedness notions on G. For 
concreteness, we do not present our results in full generality. 
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Definition 5.7. A topological group G is subreflexive if the evaluation map E : 
G — > E[G] is a topological isomorphism. In this case, we identify G with its image 
E[G] < G--. 

Remark 5.8. If G is subreflexive, then G is locally quasiconvex. Indeed, G" is 
locally quasiconvex, being a dual group, and therefore so is its subgroups i?[G], 
which is isomorphic to G. 

Lemma 5.9. Let G he subreflexive. Then {K^ : K G K(G)} is a neighborhood 
base at e in G. 

Proof. Let K € K(G). K^ is a neighborhood of in G". As G is subreflexive, K'^ 
is a neighborhood of in G. 

Let U he a neighborhood of e in G. As G is locally quasiconvex, we may assume 
that U is quasiconvex. Then K = U^ is a compact subset of G (Lemma l5.2p . and 
K^ ^U'^< =U. D 

Proposition 5.10. Let G be subreflexive, and Af be the family of all neighborhoods 
of in G. Then: 

(1) (A/", 3) is cofinally equivalent to (K(G),C). 

(2) x(G)=cof(K(G)). 

Proof of (1). By Lemma [5.91 the monotone map <l : K(G) — > TV is cofinal. The 
monotone map t> : N ^ K(G) is also cofinal: Let K G K(G). By Lemma [5.91 
K^- G TV, and {L<<')^ D K. D 

Even complete subreflexive groups G need not be reflexive. The following corol- 
lary tells that, however, G"" is not much larger than G. (See also Theorem 17.61 and 
CoroUarv 17.71 below.) Aufienhofer made related observations in 131, 5.22]. Ques- 
tion 5.23 in |2j asks whether the character group of an abelian metrizable group is 
reflexive. 

Corollary 5.11. 

(1) For subreflexive G with G complete, x(G"") = xiG). 

(2) If G is a locally quasiconvex k-group, then xiG") = x(G). 

Proof. (1) G is locally quasiconvex. By Lemma [5^ and Proposition lS.lOl x{G'') = 
cof(K(G)) = x(G). 

(2) By Corollarv l7. 41 below. G is subreflexive. As G is a fc-group, G is complete. 
Apply (1). D 

The flrst two items in the following theorem are well known. 

Theorem 5.12. Let G be a subreflexive group, such that the group T — G is 
metrizable. Then x(G) = cof(PK(r)). Thus, 

(1) // F is precompact, then x(G) = 1, that is, G is discrete. 

(2) // F is nonprecompact locally precompact, then x(G) — d(T). 

(3) If r is non-locally precompact, then x(G) = c) ■ d(F) • cof([ld(F)]^"). 

Proof. By Proposition JSlOl x(G) = cof(K(G)) = cof(K(F)). Let A be the comple- 
tion of F. A is locally quasiconvex too, and metrizable, and thus subreflexive. By 
Corollary ISJll cof(K(A)) = cof(PK(F)). 
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It remains to prove that K(r) is cofinally equivalent to K(A). By the Aufienhofer- 
Chasco Theorem, we may identify A with T. As G is subreflexive, we also identify 
G with its image in G"" = T, and similarly for A. 

K(A) < K(r): Let K G K(A). Then K'> is a neighborhood of in A = f = G". 
As G is subreflexive, K'^ n G is a neighborhood of in G, and thus {K^ PiG)'^ e 
K(G) = K(r). Define <^{K) = {K^ n G)^. For each K e K(r), K e K(A) and 
$(if) D K. Thus, $ is cofinal. 

K(r) < K(A): Let K G K(r). Then K'> is a neighborhood of in F = A. Thus, 
K'^'^ G K(A"), and as A is complete, i^^^ n A G K(A). Define * : K(r) -^ K(A) 
by ^{K) = K'>'> n A. For each G G K(A), G'> is a neighborhood of in A = f, 
and thus there is X G K(r) such that K^ C G^. Then K^^ D G^^ D G, and 
therefore ^(K) = K^^ n A D G. This shows that * is cofinal. 

(1) and (2) follow, using Lemma [4.31 and Theorem 14. 161 D 



Theorem 15.121 is stronger than Proposition 15.61 Duals of metrizable groups are 
subreflexive, and have a metrizable dual. 

6. Application to the free topological groups 

A topological space X is hemicompact if cof(K(A')) < Hq. X is a, ki_j space if it 
is a hemicompact fc-space. Denote the weight of a topological space X by w{X). 

The following theorem extends several results of Nicholas and Tkachenko \30\ 
I31]r°l For example, they proved that if X is compact, then 

x{A{X))=d-coii[w{X)f°), 

and that if A" is a fc^ space such that all compact subsets of X are metrizable, then 
x{A{X)) = D. Nickolas and Tkachenko's results were proved by direct methods. 
Even in these special cases, their arguments are sophisticated and technically very 
involved. 

Theorem 6.1. Let X be a k^ space of compact weight n. Then 

x(A(A)) = c).cof(M^°). 

Proof. Aufienhofer [3^ and independently Galindo-Hernandez [17] proved that for a 
class of spaces X containing fc-spaces (namely, Ascoli /i-spaces), A{X) is subreflex- 
ive. Pestov [22] proved that for a class of spaces X containing k^ spaces (namely, 

/u-spaces), A{X) = G(A, T). As X is k^^, G(A, T) has a countable local base at 
(namely, the sets [Kn, 1/n] where {Kn : n G N} is cofinal in K(A)). Thus, G{X, T) 
is metrizable. 

Moreover, G(A, T) is non-locally precompact. Thus, Theorem l5. 121 applies. 

Lemma 6.2 (Engelking [14, 3.4.16]). If X is locally compact andw{X) is infinite, 
t/ienw(G(A,T)) < w(A)^. 

Lemma 6.3. Let X he a Tychonoff space of compact weight k. Then: 

(1) b(G(A,T)) =b(G(A,R)) = K. 



l^See, e.g., the results numbered 2.12, 2.18, 2.22 in [30l, and those numbered 2.9, 3.5, 3.7 ir 

EU. 
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(2) If X is hemicompact (or just coi{K{X)) < k), then 

h{C{X, T)) = d{C{X, T)) = \d{C{X, T)) ^ w{C{X, T)) = k. 
In particular, C{X, T) has stable density. 

Proof. For each cofinal family /C C K{X), and for y = T or K, the mapping 
f ^ {f\K ■■ K e IC) is a.n embedding of C{X, Y) in Uiieic C(^' ^)- 

(1) In the case /C = K{X), we have by Lemma [6T2] that 

b(C(X,r)) < b TT C{K,Y)] = sup w{CiK,Y))< 
\KeKiX) J ^eK(x) 

< sup w{K), 

LetK eK{X). TakeS'C C(X,r) with l^l = b(C(X,y)), such that S'+[A', 1/16] = 
C{X, Y). Then {/-i(-l/16, 1/16) D K : f e S} is a. base of K: Let p e U n K, U 
open in X. As X is Tychonoff, there is g G C{X, Y) such that g is 1/4 on X\C/ and 
g{p) =0. AsS'+[X, 1/16] = C(X,y), there is/ e S* such that \f{x)^g{x)\ < 1/16 
for each x e K. It follows that p G .g"i(-l/16, 1/16) n K C U n K. Thus, 
w(X) < h{C{X, Y)) for each K e K(X). 

(2) By (1), K = b(C(A:, M)) < d(C(A, K)). As C(X, K) is connected, d(C(A:, M)) = 
ld(C(Ar, M)). For each e < 1/2 and each compact K C X, [K,e] is the same in 
C{X,R) and in C{X,T). Thus, 

K < ld(C(X,E)) < ld(C(X,T)) < d{C{X,T)) < w{C{X,T)). 

In the case where |/C| — coi{K{X)), 



w(C(X,T)) < wj]JC(if,T)j 
\Keic J 



|/C| • sup w(C(X,T)) < 
Keic 



< cof(K(X)) • sup w(A') < K- K = K. D 

KeK(X) 



We therefore have, by Theorem 15.121 that x(y4(A)) is the maximum of O and 
cof([«;]^°), where k = d(C(A,T)) = sup{w(A:) : K e K(A)}. 

This completes the proof of Theorem 16. II D 

Example 6.4. If A is compact, or locally compact cr-compact, then A is a fc^^ space, 
and thus Theorem 16.11 applies . 

Together with the results of Sections [8] and O we obtain Theorem [5] and the 
following. 

Corollary 6.5. Let \_\^^ Kn be the direct union of compact sets Kn with w(Ar„) = 
H„ (e.g., Kn — T^"). Fix 7 with 1 < 7 < Ki. It is consistent (relative to the 
consistency of ZFC with appropriate large cardinal hypotheses) that 



i<x(^[|J^")) =^- 



K„ < b = O = H^+i < X U MJ ^" = ^"+^+1 = f • o 

The following deep theorem implies that our results also apply to free nonabelian 
groups. Let F{X) be the free (nonabelian) group over X. 

Theorem 6.6 (Nickolas-Tkachenko [31]). IfX is Lindeldf thenx(A{X)) = x{F{X)). 
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7. The inner theorem 

We begin with an inner characterization of subreflexivity. 

Definition 7.1. V C G is a. k -neighborhood of if for each K G K(G) with G iiT, 
V r\ K \s a. neighborhood of in K . 

Lemma 7.2 (Hernandez- Trigos-Arrieta [25]). 

(1) Let G be a k-group. Every quasiconvex k-neighborhood of is a neighbor- 
hood of 0. 

(2) Let U be a quasiconvex subset of a locally quasiconvex group G. U is a 
k-neighborhood of if and only if U^ G K(G). 

We obtain the following. 

Theorem 7.3. A group G is subreflexive if and only if G is locally quasiconvex, 
and each quasiconvex k-neighborhood of the identity in G is a neighborhood of the 
identity. 

Proof. (-^) Let F G K(G), and K G K(G). By Ascoli's Theorem, the restrictions 
of the elements of F to X form an equicontinuous subset of C{K, T). Hence, if K 
contains 0, then F^ n i^ is a neighborhood of in K. Again, taking intersections, 
we have that F^ K is a neighborhood of in K. Thus, F^ is a neighborhood of 
0. 

(^) Let W be a quasiconvex fc-neighborhood of 0. Then W^ is compact in G. 
As G is subreflexive, W = W^'^ is a neighborhood of in G. D 

Lemma 17.21 and Theorem 17.31 implv the following. 

Corollary 7.4 (folklore). Every locally quasiconvex k-group is subreflexive. D 

For locally convex topological vector spaces and countable weight, the following 
result was proved by Ferrando, K^akol, and M. Lopez Pellicer [16] . 

Theorem 7.5. Let G be a locally quasiconvex group. 

(1) b(G) is equal to the compact weight of G. 

(2) If G is metrizable, then d(G) equal to the compact weight of G. 

Proof of (1). (<) As G < G(G,T), we have by Lemmata [lH and [U that b(G) < 
b(G(G, T)) ^ sup{w(ii:) : K G K(G)}. 

(>) Let K G K(G). Since [K^ 1/8] is a neighborhood of the identity of G, there 
is S* C G with IS*! < b(G), such that S + [K, 1/8] = G. 

S separates the points of K: Let ai, 02 be distinct elements of K . As G is locally 
quasiconvex, there is x G G such that \x{ai — 02)! > 1/4. As x G G = 5 + [K, 1/8], 
there are a G S* and (3 G [K, 1/8] such that x — a + /3. Then |/3(ai — 02)] < 
|/3(ai)| -I- 1/3(02) I < 2/8 = 1/4, and thus \a{ai - 02)! > |x(ai - 02)! - 1/4 > 0. 

Thus, the minimal topology on K which makes all elements of S continuous is 
Hausdorff, and as K is compact, its topology (which is minimal Hausdorff) coincides 
with it. Thus, w{K) < \S\ < b(G). D 

An unpublished result of Aufienhofer asserts that, if G is a separable metrizable 
group, then all higher character groups of G are separable. This is in accordance 
with item (3) of the following theorem. 
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Theorem 7.6. Let G be a topological group, and let k be the compact weight of G. 

(1) // G is subreflexive, then b(G) — b(G"*) — k. 

(2) If G is a locally quasiconvex k-group, then h{G) = b(C) = k. 

(3) If G is locally quasiconvex and metrizable, then d(G) = d(G"") = k. 

Proof (1) As G < G", b(G) < b(G"). By Theorem O b(G") = k. We prove 
that K < b(G). 

Let 7^ be a compact subset of G. As G is subreflexive, the set 

U^{KD 2K)< ^{geG: (Vx G K) \x{g)\ < 1/8} 

is a neighborhood of in G. Let 5 C G be such that \S\ < b(G), and S + U ^G. 
S separates points of K: Let x, -0 S ^ be distinct. As G^ = {0}, there is g £ G 
such that |(x - '0)(5)| > 1/4. Take s e S,u eU, such that g = s + u. Then 

\ix - V')(s)| > |(x - i^Ml ~\{x- V')(")l > 1/8. 

It foUows that w{K) <\S\< b(G). 

(2) Locally quasiconvex metrizable groups are subreflexive, being locally quasi- 
convex fc-groups (CoroUarv 17.41) . D 

Mikhail Tkachenko pointed out to us that our results imply the following. 

Corollary 7.7. For all subreflexive G with G complete, w(G~") ~ w(G). 

Proof. This follows from Corollarv 15.111 and Theorem 17.61 using the fact w(G) = 
b(G) • x{G) for all topological groups [2]. D 

We now turn to characterizing the local density of G in terms of inner properties 
ofG. 

A mapping is compact covering if each compact subset of the range space is 
covered by the image of a compact subset of the domain. 

Lemma 7.8. Let H be a compact subgroup of G. Then the canonical projection 
t: : G ^ G/H is compact covering. 

Proof. For each compact K C G/H, tt^^[K] is compact. D 

Lemma 7.9. Let G be a topological group, and H be a compact subgroup of G. 
Then G/H is topologically isomorphic to H^ . 

Proof. The homeomorphism Lp : G/H — > G defined by (p{x) — x ° '^ ^^ continuous 
and injective, and its image is {x G G : x\h = 0} = H^ . 

(f is open: Let [/ be a neighborhood of the identity of G/H. We may assume 
that U = K^ for some compact K C G/H. By Lemma [7.81 we may assume that 
K ~ Tr[K'] for some compact K' e K(G). We may also assume that K' D H. Then 
K'^ C H^, and therefore 

ip[U] = f[TT[KT] = {fix) ■■ X e Tr[K'f} = {xo7r:xo7re K'^} = K'^ 
is open. D 

Lemma 7.10. Let H be an open subgroup of G. Then the topological groups G/H 
and H^ are isomorphic. 

Proof. As G/H is discrete, the topology on G/H is the finite-open, and tt is finite- 
covering, (p is open because G/H is compact. D 
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For brevity, denote the compact weight of a group G by kw{G). 
Proposition 7.11. Let G be a locally quasiconvex k^ group. Then 
ld(G) = min {kw{G/H) : H < G compact}. 

Proof. (>) Let T be an open subgroup of G such that d(r) — ld(G). As G is k^i, 
G is first countable and thus metrizable. By CoroUarv l7. 41 below. G is subreflexive. 
As k^ groups are complete, F^ — F^ n G is an intersection of a compact group and 
a complete group, and is thus compact. 

By Lemma [7^ G/F^ is isomorphic to F*^^, which contains F. By definition, F 
separates the points of G/F^, and therefore so does every dense subset of F. Thus, 
w{K) < d(F) for all compact sets K C G/F^. 

(<) Let H he a compact subgroup of G. By Lemma [7^ G/H is isomorphic to 
H^. As H^ < G, it is metrizable, and thus by Corollary [731 

d{H^) = d(G7ff) = kw{G/H). 

As H^ is open, ld(G) < d(iJ^). D 

G is locally hemicompact (respectively, locally k^) if G contains an open hemi- 
compact (respectively, k^) subgroup. The first item of the following theorem is an 
immediate consequence of the Pontryagin-van Kampen Theorem. The second item 
is new. 

Theorem 7.12. Let G be a locally quasiconvex, locally k^^ group. Let H be an open 
k^ subgroup of G, of compact weight k. Let A = iDhi{kw{H / K) : K < H compact}. 
Then: 

(1) If H is nondiscrete and locally compact, then x(G) = k. 

(2) // H is non-locally compact, then x(G) is the maximum of d, k, and 
cof([A]^''). 

Proof of (2). As H is open in G, x{G) = x{H). G is locally quasiconvex, and 
therefore so is H . By Lemma [7^ H is subrefiexive. By hemicompactness, F := iJ 
is metrizable. By Theorem 15. 121 

x(i/) = c)-d(F).cof([ld(F)]^''). 

By Theorem [L5i;2), d(F) = k. By Proposition [7TT1 ld(F) = A. D 

Concrete estimations are given in the overview (Section 1). The remaining sec- 
tions provide proofs for these estimations and additional details. 

8. ShELAH'S THEORY OF POSSIBLE COFINALITIES 

In this section, we provide estimations for cof([K]'^''), and in the next one, we 
establish some freedom in its determination. The estimations given here either 
appear explicitly in works of Shelah, or are easy consequences thereof. For the 
reader's convenience, we provide proofs. 

Lemma 8.1. For each k > Hq, k < cof([K]^'') < k^° . 

Proof cof([K]^") < |[k]^«| = K^o. 

For the other inequality, note that if ^ C [k]^° and |^| < k, then \[J A\ < 
\A\ • Hq < K, and thus {JA^k. In particular, A is not cofinal in [k]^° . D 
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For each cardinal \, k — X^° has the property k^" = k. The most weU-known 
cases are where k = 2^ for some A, but there are many more. E.g., if k^° = k, then 
the same is true for the subsequent cardinal k"*", and therefore also for k"^"*", etc. 
This is also the case when k is inaccessible. If GCH holds, this is the case for all 
cardinals, except for those of cofinality Kq. 

Corollary 8.2. For each infinite k with k^° = k, cof(Fin(K)^) — cof([K]^'') = k. 

Proof. If K^" = K, then k > c > 0. Apply Theorem 14. 151 and Lemma [8. II D 

Lemma 8.3. For each k > Hq, cof([K]^«) = K-sup{cof([A]^") : A < K,cof(A) = Hq}. 

Proof. (>) Monotonicity and Lemma [STTl 

(<) If cof(K) = Ho, this follows from the fact that k < cof([K]^'') (Lemma l8.ip . 
If cof(K) > Ho, then each countable subset of k is bounded in k. Thus, 

and therefore cof([K]^'') < k ■ sup{cof([A]^°) : A < k}. The statement for k = Hi 
follows, and by induction, for each A < k with A > Ki, 

cof([A]^'') = A • sup{cof([/^]^'') : Ai < A, cof(^) = Hq} < 

< K-sup{cof([/^]^°) :/i < K,cof(^) = Ho}. D 

Corollary 8.4. For each k, i/cof([K]^°) = k, then cof([K+]^°) ^ k+ . D 

Item (1) of the following corollary is well known [T], and Item (2) was proved, 
independently, by Bonanzinga and Matveev [S]. 

Corollary 8.5. 

(1) cof([Ho]^°) = 1, and for each n>\, cof([K„]^") = H„. 

(2) cof(Fin(Ho)^) = 0, and for each n>\, cof(Fin(H„)N) = c) • H„. D 

Already for k = H^j, the situation is different. A diagonalization argument as in 
Konig's Lemma gives the following. 

Lemma 8.6 (folklore). For singular k, cof([K]'^°^*^''-') > k. 

Corollary 8.7. If coi{K) = Ho < k, then cof(Fin(K)N) > c) • k+. D 

Upper bounds require advanced methods. 

8.1. The easy way: Dismissing large cardinals. Consider the following weak- 
ening of the Generalized Continuum Hypothesis. 

Definition 8.8. Shelah's Strong Hypothesis (SSH) is the statement that for each 
uncountable k with cof(K) = Ho, cof([K]^") = k+. 

Shelah's Strong Hypothesis is originally stated as "for each singular k, the pseu- 
dopower of n is k"*"" . Its equivalence to the version presented here, which is much 
more convenient for our purposes, is due to Shelaho The adjective "Strong" in 
SSH means that there is a yet weaker hypothesis, but SSH is in fact quite weak. 



The more involved direction follows from Theorem 6.3 of 1361 . For the other direction: If k 
is such that pp(k) > k+, then in particular coffre]'^ '"*) > k+, and we may (e.g., by Lemmata 3.4 
and 3.8 in [33]) arrange that coii^n) = Nq. 
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In particular, its failure implies the existence of large cardinals in the Dodd- Jensen 
core modelo 

Following is the concluding Theorem 6.3 of [35] ■ The simplicity of the proof 
given here is due to the reformulation of SSH. 

Theorem 8.9 (Shelah SS). Assume SSH. For each k > Hq, cof([K]^o) is n if 
cof(K) > Kq, and k+ if coi{K) = Hq. 

Proof. The case k = Ni is Corollarv l8.5l Continue by induction on k: If cof (k) = Kq, 
use Shelah's Strong Hypothesis (as reformulated in Definition 18. 8[) . If cof (k) > Kq, 
use Lemma 18.31 and the induction hypothesis to get 

cof([K]^°) = K ■ sup{cof([A]^°) : A < k} < K • sup{A+ : X < k} = k. D 
Corollary 8.10. Assume SSH. For each k > Hq.' 

cof (Fin(.)«) ^l^\ ^°^(") > ^" 

^ ^ ' ^ \d-K+ COf(K) =Ho. D 

Thus, under SSH, the value of cof (Fin(K)^) is completely understood. We point 
out that in Theorem 18.91 and Corollary 18.101 it suffices to assume that Shelah's 
Strong Hypothesis holds for all A < k. 

8.2. The hard way: Bounds in ZFC. Even without any hypotheses beyond the 
ordinary axioms of mathematics, nontrivial bounds on Fin(K)^ can be established 
in many cases, using Shelah's pcf theory [35j . There are several good introduc- 
tions to pcf theory. A recent one is [T], whose references include some additional 
introductions. The following deep result appears as Theorem 7.2 in [T]. 

Theorem 8.11 (Shelah). For each a < K^, cof([K„]l"l) < H|„|+4. 

In [T], Theorem 18.111 is stated for limit ordinals a, but taking S — a + uj, we 
have that (5 < K„ < H5, and applying Shelah's Theorem for the limit ordinal S, 

cof([K„]l"l) < cof([K,]l"l) = cof([H,]l^l) < H|5|+4 = K|„|+4. 

Definition 8.12. Let tt be the first fixed point of the H function, i.e., the first 
ordinal (necessarily, a cardinal) n such that tt = H^r. 

TT is quite big: Let ttq — Ho and for each n, let 7r„+i = H^^. Then n — sup„ 7r„. 
Shelah's Theorem has the following immediate corollaries. 

Corollary 8.13. For each a < tt, cof([Ha]^o) < H|c<|+4. 

Proof. By induction on a. For a < u! this follows from Corollary l8.5l Assume that 
the assertion is true for all (3 < a, and prove it for a: 

cof([N„]^°)<cof([H„]l"l).cof([|a|]^°). 

As a < TT, Corollarv l8.11l is applicable, and thus cof([KQ]l"l) < H|c,|+4. Let /3 be such 
that |a| = K/3. Then /3 < tt, and thus /3 < K/j = |q;|. By the induction hypothesis, 
cof([K^]«")<H|^l+4<K|„|+3. D 

Corollary 8.14. For each successor cardinal k < tt and each a with k < a < k+uj, 
cof([H„]^o)<K^^3. 



^^The failure of SSH at k implies that in the Dodd-Jensen core model, there is a measurable 
A < K, moreover o{A) = A^'''. The exact consistency strength of SSH was established by Gitik in 
in [191. 
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Proof. For each /3 e {k, k+ 1,k + 2, . . .}, either (3 — k and cof (H/j) = cof (k) > Kq, 
or /3 is a successor ordinal, and thus cof(K/3) = H^ > Hq. Thus, by Lemma [8.31 

cofliH,]^") ^ K„ • sup{cof([H;3]^°) : H^ < H„,cof(H^) = Hq} = 
= K„ • sup{cof([H;3]^'') -.p <K, cof(/3) = Ho} < 
< K„-sup{cof([H^]^'') :;3<k}. 

By CoroUarylHIl for each /3 < k, cof([K^]^«) < K|^|+4. 

Na < H|q|+ = H„+ < K„+3. Now, for each /3 < k, cof([H/3]^o) < H|^|+4 < K^+a. 
As cof(HK+3) = K+'^ > K, the supremum is also smaller than H^+3. D 

Corollary 8.15. For each cardinal k with Hq < cof(K) < k < n, and each a with 
K<a<K + uj, cof([Hc]^") = Kq. 

Proof. Replace, in the proof of Corollarv l8.141 the last paragraph with the following 
one: For each f3 < k, \/3\'^^ < k, and thus H|^|+4 < ^k < ^a- O 

Example 8.16. For each n > 1: 

(1) For each a < a;„ + w, cof([HQ]^o) < K^^^g. 

(2) cof([H,,^J^") = H^,^^. 

Combining Theorem 14.151 and the estimations provided here for cof([K]*^''), we 
obtain estimations for cof(Fin(K)'^). 

9. Things that cannot be proved about cof(Fin(K)'*') 

Bonanzinga and Matveev consider in [8J a property named star Menger, intro- 
duced by Kocinac in 28J. Among other results, they prove that for each almost 
disjoint family A of subsets of N with cof(Fin(|^|)^) = |^|, the Mrowka space 
^{A) is not star Menger. By Proposition l4.151 the condition can be reformulated 
as cof([|^|]^°) = 1^1 > 0. Corollary Its] and Corollary IHO] imply the following 
new result. 

Corollary 9.1. Let A be an almost disjoint family of subsets ofN. 

(1) For each cardinal k with Hq < cof(K) < k < n, and each a with k < a < 
K + uj: If \A\ = Hq > 5, then "^{A) is not star Menger. 

(2) Assume SSH. If \A\ > and \A\ has uncountable cofinality, then '^{A) is 
not star Menger. D 

In this context, |^| < c, and the following problem is natural. 

Problem 9.2 (Bonanzinga-Matveev [8j). Is cof(Fin(K)^) = c) • k for each infinite 
K < c? In particular, is cof(Fin(K)^) = 5 for each infinite k <d? 

It is pointed out in P] that the answer is positive for k < K^j and for k = c (see 
Corollaries l8.2l and l8.5l) . Thus, clearly the Continuum Hypothesis implies a positive 
answer, and the problem actually asks whether the statements are provable without 
special set theoretic hypotheses. We first observe that SSH implies a positive answer 
to the second part of this problem, and a conditional solution to its first part. 

Theorem 9.3. Assume SSH. 

(1) For each infinite n <d, cof(Fin(K)^) = d. 

(2) cof (Fin(K)'*^) — D ■ K for all infinite K<cif, and only if, there is n > such 
that c = c)+", the n-th successor ofd. 
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Proof. We use CoroUarv lS.lOl 

(1) If cof (k) > Ho, then cof (Fin(K)^) =d-K = d. Otherwise, as cof(^) > b > Hq, 
we have that k < 0, and cof(Fin(K)^) = 5 • k+ = 0. 

(2) If there is such n, then each k with O < k < c has uncountable cofinahty, 
and thus cof(Fin(K)^) — () ■ k. Otherwise, take k with cof(K) = Kq and c) < k < c. 
Then cof (Fin(K)f*) = • k+ := k+ > k = D ■ k. D 



Theorem 19 . 31 indicates how to obtain a negative answer to the first part of Prob- 
lem 19.21 We use some facts from the theory of forcing. A general introduction is 
available in Kunen's book [29] , whose notation we follow. Some more details which 
are relevant for us here are available in Batoszyhski and Judah's book [5^, and in 
Blass's chapter [7]. 

Theorem 9.4. It is consistent (relative to the consistency of ZFC) that Shelah's 
Strong Hypothesis holds (in particular, cof(Fin(K)^) = for each infinite k < D), 
and there is k with d < k < c, such that cof(Fin(K)^) = cof([K]^°) = k+ > 0. 

Proof. Let T^ be a model of (enough of) ZFC and of Shelah's Strong Hypothesis 
(e.g., a model of the Generalized Continuum Hypothesis). Let i) = Kq in V. Take 
P > a + oj, and let B(H^) be Solovay's forcing notion adding H^ random reals (see 
[SI Chapter 3]). B(H^) is ccc. 

Lemma 9.5 (folklore). A generic extension by a ccc forcing notion does not change 
coi{[Kf°). 

Proof. Let P be a ccc forcing notion, and G be a P-generic filter over V. 

Let A be the cofinality of [nf" in V[G]. Take f : XxN^ k such that / G ^[G], 
and the sets {f{a,n) : n e N}, a < A, are cofinal in ([k]^")^!'^!. 

As A X N and k belong to V, there is F : A x N ^^ [k]*^" such that F &V, and 
f{a,n) e F{a,n) for all (a, n) £ A x N p9| Lemma 5.5]. Let T = {[Jn^i'^''^) ■ 
a < A}. T eV, and \T\ < A in V. 

For each A G ([k]^«)^, A G {[k]'^°)^^^\ and thus there is a such that A C 
{fia,n) : n G N} C [j,^F{a,n). Thus, T is cofinal in ([k]^")^. This shows that 
cof([/v]^") <XmV. 

This argument also shows that ([k]^")^ is cofinal in ([k]^")^[<^1. Thus, cof([K]^o) 
cannot be < A in V^. D 

Let G be B(N^)-generic over V. By Lemma [9.5) V[G] satisfies Shelah's Strong 
Hypothesis. 

For each / G N^ny[G], there isgeV such that f <* g ^ Lemma 3.1.2]. Thus, 
in V^[G], is at most K^ and c is at least H^|^ Theorem 19.3( 2) applies. D 



Thus, the answer to the second part of Problem l9.2l is "No.", and the answer to 
its first part is "Yes" if there are no (inner) models of set theory with large cardinals. 
To complete the picture, it remains to show that the answer is "No" (to both parts) 
when large cardinal hypotheses are available. For the following theorem, it suffices 
for example to assume the consistency of supercompact cardinals, or of so-called 
strong cardinals. More precise large cardinal hypotheses are available in [21]. 



■^In fact, if we begin with a model of GCH, then in V[G], = Ni and c = K^, or N^+i if 
cof(/3) =iio- 



28 C. CHIS, M. V. FERRER, S. HERNANDEZ, AND B. TSABAN 

Theorem 9.6 (Gitik-Magidor [21,). It is consistent (relative to the consistency of 
ZFC with an appropriate large cardinal hypothesis) that 2^" = H„+i for all n, and 

2^aj — Hi^_|_^_|_i, for any prescribed j < lui. 

This is related to our questions as follows. As H^j is a limit cardinal of cofinality 
No, 2^- = (2<^-)^°. If 2^" = H„+i for all n, then 2<^- = H^, and thus 2^- = 
(H^)^° = 2^" • cof([H^]^«) - cof([N^]^«). 

Hechler's forcing H is a natural forcing notion adding a dominating real, i.e., 
d e N^ such that for each / g N^ n y, where V is the ground model, / <* 
d. H = {(n, /) : n e N, / e N'^}, and (n, /) < (m,g) if n > to, / > g, and 
f{k) = g{k) for all k < m. If G is H-generic over V, then by a density argument, 
^ — U(n f)eG/l{i.- ■"} ^ ^^ ^^ ^^ required. H is ccc, and thus so is the finite 
support iteration P — {Pa,Qa : a < A), where for each a, Pa forces that Qa is 
Hechler's forcing. 

Theorem 9.7. It is consistent (relative to the consistency of ZFC with appropriate 
large cardinal hypotheses) that 

H„ < fa = c) = H^+i < cof(Fin(H^)N) = cof([K„]^") - H^+^+i = c, 

for each prescribed 7 with 1 < 7 < Ki. 



Proof. Use Theorem 19. 61 to produce a model of set theory, V, satisfying c = Ni and 
cofCiK^]^") = H„+^+i. 

Let P = {Pa,Qa '■ a < K^+i) be the finite support iteration, where for each a, 
Pa forces that Qa is Hechler's forcing. Let G be P-generic over V, and for each 
a < H^4-i, let Ga — G n Pa he the induced Pa-generic filter over V. For each 
a, let da be the dominating real added by Qa in stage a + 1, so that for each 

f€V[Ga]nN^\f<*da. 

As P is ccc, cof([K^]^f) remains H^^+^+i in V[G] (Lemma l9.5p . As H^^.+i has 
uncountable cofinality, we have that N'*' n V[G] = Ua<N^+i ^^ ^^ V[Ga] Lemma 
1.5.7]. It follows that {da ■ ct < K^+i} is dominating in V^[G]. Moreover, it follows 
that for each B C N^^ n V[G] with \B\ < K^^+i, there is a < K^+i such that 
B C N^nyiGa], and thus B is <*-bounded (by da). Thus, in V[G], b^d = H^+i. 

As the Continuum Hypothesis holds in V, \P\ = K^^+i, and as P is ccc, the value 
of c in V[G] is at most (by counting nice names [IHl Lemma 5.13]) \P\'^° — ^J\_i, 
evaluated in V. In V, H^^^i < (2^-)^" = 2^- = H^,+^+i. Thus, in V[Gl c < 
K+f+i- On the other hand, in V", as K^ < 5 < c, H„+^+i = cof([N^]^") < K^" < 
c^« = c. D 

Remark 9.8. For finite 7, which are sufficient for our purposes, a simplified proof of 
the Gitik-Magidor Theorem 19.61 is available in Gitik's Chapter [50]. Following our 
proof, Assaf Rinot pointed out to us that starting with a supercompact cardinal 
(a stronger assumption than that in [20)). one may argue as follows: Start with a 
model of GCH with k supercompact. Use Silver forcing to make 2'^ = k++ ^271 
Theorem 21.4]. Since k remains measurable, we can use Prikry forcing to make 
cof(K) = Kq, without adding bounded subsets [27l Theorem 21.10]. Then GCH 
holds up to K, and cof([K]^") = k^° = 2^^ = K+"'". Then, continue as in the proof of 
Theorem [971 
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10. Concluding remarks 

Most of the results provided here for complete groups, have natural extensions 
to incomplete groups. For these extensions, one needs to consider the dual group 
G with [P, e] a neighborhood of the identity for each precompact P Q G. The 
extension is sometimes straightforward, using Theorem 13.201 

Similarly, the results of Section [6] extend to completely regular spaces which are 
not /i-spaces. Here, one should consider functionally hounded subsets of X instead 
of compact subsets of X, and the topology of G{X,T) should be the functionally 
bounded-open topology. The main result of this section would then deal with 
spaces X having a cofinal family of functionally bounded sets, and whose topology 
is determined by its functionally bounded sets. We point out that in this case, the 
/i-completion of X is k^^, and X is dense in this completion. 

With some adaptation, the results presented here for k^ groups also apply to 
locally convex vector spaces that have a countable cofinal family of bounded sets. 
For instance, any countable inductive limit of DP-spaces. 

The present work is not the only one where pcf theory arises naturally in a study 
of a seemingly unrelated concept. Another recent example is in Feng and Gartside's 
paper |15| , where pcf theory turned out essential in a study of a problem motivated 
by Hubert's 13th problem. 
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